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STEP Mathematics III 2009: Solutions 
 
Section A: Pure Mathematics 
 
1.  The result for p can be found via calculating the equation of the line SV 

( ( )y ms
ms nv

s v
x s− =

−
−

− ) or similar triangles.  The result for q follows from that for p 

(given in the question) by suitable interchange of letters to give 
( )

q
m n tu

mt nu
=

−
−

  

 
As S and T lie on the circle, s and t are solutions of the equation 

( )λ λ2 2 2+ − =m c r  i.e.  ( ) ( )1 2 02 2 2 2+ − + − =m mc c rλ λ  

and so from considering sum and product of roots,  st
c r

m
=

−
+

2 2

21
,  and s t

mc

m
+ =

+

2
1 2  

Similarly  uv
c r

n
=

−
+

2 2

21
,  and u v

nc

n
+ =

+
2

1 2  can be deduced by interchanging letters. 

 

Substituting from the earlier results 
( ) ( )

p q
m n sv

ms nv

m n tu

mt nu
+ =

−
−

+
−
−

 which can 

be simplified to  
( )

( )( ) ( ) ( )( )m n

ms nv mt nu
stm u v nuv s t

−
− −

+ − +
 

and then substituting the sum and product results yields the required result. 
 
2 (i) The five required results are straightforward to write down, merely observing 
that initial terms in the summations are zero. 
 
(ii) Substituting the series from (i) in the differential equation yields that 

( )− + + + + =a a x a a x1 3
2

4 0
33 8 4 0..... , after having collected like terms. 

Thus, comparing constants and  x 2  coefficients a1 0=  and a3 0=  
Comparing coefficients of xn−1 , for n ≥ 4 , ( )n n a na an n n− − + =−1 4 04   which gives 
the required result upon rearrangement. 
 

With  a0 1= , a2 0= , and as a1 0= , and a3 0= , we find a4

1
2

=
−

!
, a5 0= , a6 0= , 

a7 0= , a8

1
4

=
!
, etc.  

Thus  ( ) ( ) ( ) ( )y x x x x= − + − + =1
1
2

1
4

1
6!

2 2 2 4 2 6 2

! !
..... cos    

          

With  a0 0= , a2 1= ,  ( ) ( ) ( ) ( ) ( )y x x x x x= − + − + =2 2 3 2 5 2 7 21
3

1
5

1
7! ! !

..... sin    
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3. (i) Substituting the power series and tidying up the algebra yields 

( )f t
t

=
+ +

⎛
⎝⎜

⎞
⎠⎟

1

1
2!

.....
  and so ( )lim

t
f t

→
=

0
1  .   

Similarly, ( )
( )
( )

′ =
− −

−
=
− − −

⎛
⎝⎜

⎞
⎠⎟−

+ +
⎛
⎝⎜

⎞
⎠⎟

f t
e te

e

t

t

t t

t

1

1

1
2

1
2

1
3

1
2

2 2
! !

.....

!
.....

   and so ( )lim
t

f t
→

′ =
−

0

1
2

(Alternatively, this can be obtained by de l’Hopital.) 
 

 (ii) If we let g t f t t( ) ( )= +
1
2

, then simplifying the algebra gives 

( )
( )
( )g t

t e

e

t

t
=

+

−

1
2 1  

after which it is can be shown by substituting –t for t  
that g t( )−  is the same expression. 
 
(iii) If we let ݄ሺݐሻ ൌ ݁௧ሺ1 െ  ሻ, and find its stationary point, sketching theݐ
graph gives 
 

 
 
Hence ݁௧ሺ1 െ ሻݐ ൑ 1 and so ݁௧ሺ1 െ ሻݐ െ 1 ൑ 0. (Alternatively, a sketch with ݁௧ and 

ଵ
ଵି௧

 will yield the result.) 

Thus ݂ᇱሺݐሻ ൌ ሺଵି௧ሻ௘೟ିଵ
ሺ௘೟ିଵሻమ ൑ 0, with equality only possible for ݐ ൌ 0, but we know 

( )lim
t

f t
→

′ =
−

0

1
2

and so, in fact,  f(t) is always decreasing i.e. has no turning points.  
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Considering the graph of ݃ሺݐሻ ൌ ݂ሺݐሻ ൅ ଵ
ଶ

 It passes through (0,1), is symmetrical .  ݐ

and approaches ݕ ൌ ଵ
ଶ

ݐ as ݐ ՜ ∞ and thus is 

 
 
Therefore the graph of ݂ሺݐሻ ൌ ݃ሺݐሻ െ ଵ

ଶ
 also passes through (0,1), and has  ݐ

asymptotes ݕ ൌ 0 and ݕ ൌ െݐ and thus is 
 

 
4.  (i) Substituting into the definition yields the Laplace transform as

( ) ( ) ( ) ( )e e f t dt e f t dt F s bst bt t s b− − − +
∞∞

= = +∫∫
00  

 

(ii) Similarly, a change of variable in the integral using u ൌ at yields the result. 

   
 

(iii) Integrating by parts yields this answer. 
 
(iv) A repeated integration by parts obtains  

( ) ( )F s s F s= −1 2
  

 which leads to the stated result. 
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Using the results obtained in the question, the transform of cosqt  is 

q
s q

s q

s

s q
−

+
⎛

⎝
⎜

⎞

⎠
⎟ =

+
1

2 2 2 21
,and so the transform of e qtpt− cos  is 

( )
( )

s p

s p q

+

+ +
2 2

   

 
5.  The first result may be obtained by considering
 ( ) ( ) ( )x y z x y z yz zx xy+ + − + + = + +

2 2 2 2 2  , 
the second by 

( )( ) ( )x y z x y z x y z x y x z y z y z z x z y2 2 2 3 3 3 2 2 2 2 2 2+ + + + = + + + + + + + +   
and the third by 
( ) ( ) ( )x y z x y z x y x z y z y z z x z y xyz+ + = + + + + + + + + +

3 3 3 3 2 2 2 2 2 23 6   
 
Considering sums and products of roots, we can deduce that x satisfies the cubic 
equation ݔଷ െ ଶݔ െ ଵ

ଶ
ݔ െ ଵ

଺
ൌ 0 , as do y and z by symmetry.  Multiplying by ݔ௡ିଶ  , 

௡ାଵݔ ൌ ௡ݔ ൅ ଵ
ଶ

௡ିଵݔ ൅ ଵ
଺

 ௡ିଶ , with similar results for y and z.  Summing these yieldsݔ
 
  ܵ௡ାଵ ൌ ܵ௡ ൅ ଵ

ଶ
ܵ௡ିଵ ൅ ଵ

଺
ܵ௡ିଶ  

 
Alternatively, 
௡ାଵݔ   ൅ ௡ାଵݕ ൅ ௡ାଵݖ ൌ ሺݔ ൅ ݕ ൅ ௡ݔሻሺݖ ൅ ௡ݕ ൅ ௡ሻݖ െ ሺݕݔ௡ ൅ ௡ݖݔ ൅ ௡ݔݕ ൅ ௡ݖݕ ൅
௡ݔݖ ൅  ௡ሻݕݖ

ൌ 1. ܵ௡ െ ሺݕݔ ൅ ݖݕ ൅ ௡ିଵݔሻሺݔݖ ൅ ௡ିଵݕ ൅ ௡ିଵሻݖ ൅ ௡ିଶݔሺݖݕݔ ൅ ௡ିଶݕ ൅  ௡ିଶሻݖ
 to give the result. 
 
 
6. Using Euler, ( ) ( )e e ii iβ α β α β α− = − + −cos cos sin sin  
and so 

 ( ) ( )e ei iβ α β α β α− = − + −
2 2 2

cos cos sin sin  
which can be expanded, and then using Pythagoras, compound and half angle 
formulae this becomes 

( )4
1
2

2sin β α−
 

( )e ei iβ α β α− = −2
1
2

sin  as both expressions are positive.  

Alternative methods employ the factor formulae.  
 
 

( ) ( ) ( ) ( )

e e e e e e e ei i i i i i i iα β γ δ β γ α δ

α β γ δ β γ α δ

− − + − −

= −
⎛
⎝⎜

⎞
⎠⎟ −

⎛
⎝⎜

⎞
⎠⎟ + −

⎛
⎝⎜

⎞
⎠⎟ −

⎛
⎝⎜

⎞
⎠⎟2

1
2

2
1
2

2
1
2

2
1
2

sin sin sin sin
 

which by use of the factor formulae and cancelling terms may be written 

( ) ( )2
1
2

1
2

cos cosα β γ δ β γ α δ− − +
⎛
⎝⎜

⎞
⎠⎟ − − + −

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟  

  

 

and then again by factor formulae,    
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( ) ( )2
1
2

2
1
2

sin sinα γ β δ−
⎛
⎝⎜

⎞
⎠⎟ −

⎛
⎝⎜

⎞
⎠⎟  

which is
 

 
e e e ei i i iα γ β δ− −  as required.

      
 

 
Thus, the product of the diagonals of a cyclic quadrilateral is equal to the sum of the 
products of the opposite pairs of sides ( Ptolemy’s Theorem). 
         
7. (i) This result is simply obtained using the principle of mathematical induction.  
The n = 1 case can be established merely by obtaining f1 and f2 from the definition, 
and then substituting these along with f0. 
 
(ii) 

( ) ( )P x x
x0

2
21

1
1

1= +
+

=
 

 

( ) ( )
( )

P x x
x

x
x1

2 2

2 21
2

1
2= +

−

+
= −

  
 

( ) ( )
( )

P x x
x

x
x2

2 3
2

2 3
21

6 2
1

6 2= +
−

+
= −

  
 

 

 ( ) ( ) ( ) ( ) ( )P x x
dP x

dx
n xP xn

n
n+ − + + +1

21 2 1
 

which differentiating Pn by the product rule and substituting
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )= + − + + + + + + + +
+

+

+

+

+
1 1 1 1 2 1 2 1 12 2

1
2 2 1

1
2 2 1

x f x x x f x n x x f x n x x f x
n

n

n

n

n

n

n

n

which is zero. 
 
Again using the principle of mathematical induction and the result just obtained, it can 
be found that ( )P xk+1 is a polynomial of degree not greater than k + 1.     

 
Further, assuming that ( )P xk has term of highest degree, ( ) ( )− +1 1k kk x! , as 

( ) ( ) ( ) ( ) ( )P x x
dP x

dx
n xP xn

n
n+ − + + + =1

21 2 1 0 , the term of highest degree of ( )P xk+1  is 

( ) ( ) ( ) ( ) ( )− + − + − +−1 1 2 1 1 11 2k k k kk kx x k x k x! !  
( ) ( )= − ++ +1 21 1k kk x!   as required.   

(The form of the term need not be determined, but it must be shown to be non-zero.) 
 
8.  (i) Letting x e t= − , 
lim௫՜଴ሾݔ௠ሺln ሻ௡ሿݔ ൌ lim௧՜ஶሾሺ݁ି௧ሻ௠ሺെݐሻ௡ሿ ൌ ሺെ1ሻ௡ lim௫՜଴ሾ݁ି௠௧ݐ௡ሿ ൌ 0  

 
and so letting  ݉ ൌ ݊ ൌ 1 ,  lim௫՜଴ሾݔ ln ሿݔ ൌ 0 . 
Thus, lim௫՜଴ ௫ݔ ൌ lim௫՜଴ ݁௫ ୪୬ ௫ ൌ ݁୪୧୫ೣ՜బ ௫ ୪୬ ௫ ൌ ݁଴ ൌ 1  
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(ii)  Integrating by parts, 

௡ାଵܫ ൌ න ௠ݔ

ଵ

଴

ሺln ݔሻ௡ାଵ݀ݔ ൌ ቈ
௠ାଵሺlnݔ ሻ௡ାଵݔ

݉ ൅ 1 ቉
଴

ଵ

െ න
௠ାଵݔ

݉ ൅ 1

ଵ

଴

ሺ݊ ൅ 1ሻሺln ሻ௡ݔ

ݔ  ݔ݀

        

ൌ 0 െ 0 ሺݐ݈ݑݏ݁ݎ ݐݏݎ݂݅ ݄݁ݐ ݃݊݅ݏݑሻ െ න
݊ ൅ 1
݉ ൅ 1

ଵ

଴

௠ሺlnݔ ݔሻ௡݀ݔ ൌ െ
݊ ൅ 1
݉ ൅ 1  ௡ܫ

 So  ܫ௡ ൌ ି௡
௠ାଵ

ൈ ିሺ௡ିଵሻ
௠ାଵ

ൈ ିሺ௡ିଶሻ
௠ାଵ

ൈ … ൈ ିଵ
௠ାଵ

଴ܫ ൌ ሺିଵሻ೙௡!
ሺ௠ାଵሻ೙ ׬ ଵݔ௠݀ݔ

଴  

 ൌ ሺିଵሻ೙௡!
ሺ௠ାଵሻ೙శభ 

(iii) 
( )

x dx e dx x x
x x

dxx x x= = + + +∫ ∫ ∫
0

1

0

1

0

1 2 2

1
2

ln ln
ln

!
.....

 

= + + +1
1
21 2I I

!
.....   = − ⎛⎝⎜

⎞
⎠⎟ + ⎛⎝⎜

⎞
⎠⎟ − ⎛⎝⎜

⎞
⎠⎟ +1

1
2

1
3

1
4

2 3 4

.....  as required. 

 
Section B: Mechanics 
 
9. (i) With V as the speed of projection from P, x and y the horizontal and 
vertical displacements from P at a time t after projection, and T the time of flight from 
P to Q, then 
ݔ ൌ ݐܸ cos ݕ ,ߠ ൌ ݐܸ sin ߠ െ ଵ

ଶ
ሶݔ ,ଶݐ݃ ൌ ܸ cos ሶݕ and ,ߠ ൌ ߠ ݊݅ݏ ܸ െ  ݐ݃

 

So  tan ߙ ൌ
௏் ୲ୟ୬ ఏିభ

మ௚்మ

௏் ୡ୭ୱ ఏ
ൌ tan ߠ െ ௚்

ଶ௏ ୡ୭ୱ ఏ
 , and  tan ߮ ൌ ௏ ୱ୧୬ ఏି௚்

௏ ୡ୭ୱ ఏ
ൌ tan ߠ െ ௚்

௏ ୡ୭ୱ ఏ
 

 
Thus tan ߠ ൅ tan ߮ ൌ 2 tan ߠ െ ௚்

௏ ୡ୭ୱ ఏ
ൌ 2 tan    ߙ

 
(ii) Using the trajectory equation written as a quadratic equation in tan  ,ߠ
 
௚௫మ

ଶ௏మ tanଶ ߠ െ ݔ tan ߠ ൅ ቀ௚௫మ

ଶ௏మ ൅ ቁݕ ൌ 0 , giving  tan ߠ ൅ tan Ԣߠ ൌ ଶ௏మ

௚௫
, and  

tan ߠ tan Ԣߠ ൌ 1 ൅ ଶ௏మ௬
௚௫మ ൌ 1 ൅ ଶ௏మ

௚௫
tan  .ߙ

 
Applying the compound angle formula and substituting, tanሺߠ ൅ Ԣሻߠ ൌ െcot   ߙ
So, ൅ߠᇱ ൌ గ

ଶ
൅ ߙ ൅ and as 0 , ߨ݊ ൏ ߠ ൏ గ

ଶ
 , 0 ൏ Ԣߠ ൏ గ

ଶ
 , 0 ൏ ߙ ൏ గ

ଶ
 , 

ߠ ൅ ᇱߠ ൌ గ
ଶ

൅  . ߙ
Reversing the motion we have, ሺെ߮ሻ ൅ ሺെ߮ᇱሻ ൌ గ

ଶ
൅ ሺെߙሻ ൅ ݊Ԣߨ, and therefore, 

߮ ൅ ߮ᇱ ൌ ߙ ൅ ቀെ݊ᇱ െ ଵ
ଶ
ቁ ߨ ൌ ߠ ൅ ᇱߠ െ ݊ԢԢߨ  

0 ൏ ߠ ൏ గ
ଶ
  , 0 ൏ Ԣߠ ൏ గ

ଶ
  , െ గ

ଶ
൏ ߮ ൏ గ

ଶ
 , െ గ

ଶ
൏ ߮Ԣ ൏ గ

ଶ
 , and ߮ ൏ Ԣ߮ , ߠ ൏  Ԣߠ

so  ߮ ൅ ߮ᇱ ൌ ߠ ൅ ᇱߠ െ ߠ or as required , ߨ ൅ ᇱߠ ൌ ߮ ൅ ߮ᇱ ൅  ߨ
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10. Supposing that the particle P has mass m, the spring has natural length l, and 
modulus of elasticity λ,  ݉݃ ൌ ఒௗ

௟
  

If the speed of P when it hits the top of the spring is v, then ݒ ൌ ඥ2݄݃   
By Newton’s second law, the second-order differential equation is thus 
ሷݔ݉ ൌ ݉݃ െ ఒ௫

௟
ൌ ݉݃ െ ௠௚௫

ௗ
  and so ݔሷ ൌ ݃ െ ௚௫

ௗ
   with initial conditions that ݔ ൌ 0 , 

ሶݔ ൌ ඥ2݄݃ , when ݐ ൌ 0 . 
ሷݔ ൅ ௚௫

ௗ
ൌ ݃ has complementary function ݔ ൌ ܤ cos ݐ߱ ൅ ܥ sin   ݐ߱

where  ߱ ൌ ට௚
ௗ
 , and particular integral ݔ ൌ ܣ where , ܣ ൌ ݀ . 

The initial conditions yield, ܤ ൌ െ݀ and  ܥ ൌ √2݄݀  

So  ݔ ൌ ݀ െ ݀ cos ට௚
ௗ

ݐ ൅ √2݄݀ sin ට௚
ௗ

 . ݐ

݀ cos ට௚
ௗ

ݐ െ √2݄݀ sin ට௚
ௗ

ܴ may be expressed in the form  ݐ cos ൬ට௚
ௗ

ݐ ൅  ൰ whereߙ

ܴଶ ൌ ݀ଶ ൅ 2݄݀  , and tan ߙ ൌ √ଶௗ௛
ௗ

ൌ ටଶ௛
ௗ

  

So  ݔ ൌ ݀ െ ܴ cos ൬ට௚
ௗ

ݐ ൅   ൰ߙ

ݔ  ൌ 0 next when ݐ ൌ ܶ , that is when 2ߨ െ ൬ට௚
ௗ

ܶ ൅ ൰ߙ ൌ    ߙ

  

So ට௚
ௗ

ܶ ൌ ߨ2 െ ߙ2 ൌ ߨ2 െ 2 tanିଵ ටଶ௛
ௗ

  and ܶ ൌ ටௗ
௚

ቆ2ߨ െ 2 tanିଵ ටଶ௛
ௗ

ቇ.  

 
11. (i) Conserving momentum yields ܸܯ ൌ ሺ1ܯ ൅ ܸ and so ݒሻݔܾ ൌ
ሺ1 ൅ ܸ Written as    ݒሻݔܾ ൌ ሺ1 ൅ ሻݔܾ ௗ௫

ௗ௧
, separating variables and integrating  

ݐܸ ൅ ܿ ൌ ݔ ൅ ଵ
ଶ

ଶ , but as ൌݔܾ 0 , when ݐ ൌ 0 , ܿ ൌ 0 

So  ଵ
ଶ

ଶݔܾ ൅ ݔ െ ݐܸ ൌ 0 , and so  ݔ ൌ ିଵേ√ଵାଶ௕௏௧
௕

 , except ݔ ൐ 0, and thus 

ݔ  ൌ ିଵା√ଵାଶ௕௏௧
௕

  

 
(ii) ݂ܯ ൌ ௗ

ௗ௧
ሺ݉ݒሻ ൌ ௗ

ௗ௧
ሺܯሺ1 ൅   ሻݒሻݔܾ

 
So,  ݂ݐ ൅ ܿԢ ൌ ሺ1 ൅ and as ൌ ݒሻݔܾ ݔ , 0 ൌ 0 , and  ݒ ൌ ܸ we have ܿԢ ൌ ܸ. 
 
Thus ݒ ൌ ௙௧ା௏

ଵା௕௫
 as required. 

 
Separating variables and integrating 
ଵ
ଶ

ଶݐ݂ ൅ ݐܸ ൅ ܿԢԢ ൌ ݔ ൅ ଵ
ଶ

ݔ ଶ and asݔܾ ൌ 0 , when ݐ ൌ 0 , ܿԢԢ ൌ 0  

So  ଵ
ଶ

ଶݔܾ ൅ ݔ െ ଵ
ଶ

ଶݐ݂ െ ݐܸ ൌ 0 , and so ൌ ିଵേඥଵା௙௕௧మାଶ௕௏௧
௕

 , except ݔ ൐ 0, and thus 

ݔ ൌ ିଵାඥଵା௙௕௧మାଶ௕௏௧
௕
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If  1 ൅ ଶݐܾ݂ ൅ is a perfect square, then x will be linear in t and ௗ௫  ݐ2ܾܸ
ௗ௧

 will be 
constant, i.e. if 4ܾଶܸଶ െ 4݂ܾ ൌ 0 , that is  ܾܸଶ ൌ ݂      

 (in which case ݔ ൌ ିଵା√ଵା௕మ௏మ௧మାଶ௕௏௧
௕

ൌ ିଵାሺଵା௕௏௧ሻ
௕

ൌ ݒ and , ݐܸ ൌ ܸ as expected.) 
 

Otherwise, ൌ ௙௧ା௏
ଵା௕௫

ൌ ௙௧ା௏
ඥଵା௙௕௧మାଶ௕௏௧

ൌ
௙ାೇ

೟

ට௙௕ାమ್ೇ
೟ ା భ

೟మ

 , and as ݐ ՜ ݒ , ∞ ՜ ௙
ඥ௙௕

ൌ ට௙
௕
 , 

a constant, as required. 
 
 
Section C: Probability and Statistics 
 
12. (i) ܧሺ ଵܺሻ ൌ ଵ

ଶ
|ሺܺଶܧ  , ݇ ଵܺ ൌ ଵሻݔ ൌ ଵ

ଶ
 ଵ , and soݔ

ሺܺଶሻܧ ൌ ∑ ଵ
ଶ

ଵݔ ܲሺ ଵܺ ൌ ଵሻݔ ൌ ଵ
ଶ

ሺܧ ଵܺሻ ൌ ଵ
ସ

݇ 

∑ ሺܧ ௜ܺሻஶ
௜ୀଵ ൌ ∑ ቀଵ

ଶ
ቁ

௜
ஶ
௜ୀଵ ݇ ൌ ݇ using the sum of an infinite GP. 

 
(ii)  ܩ௒ሺݐሻ ൌ ௒ሻݐሺܧ ൌ ܧ ቀݐ∑ ௒೔

ೖ
೔సభ ቁ ൌ ∏ ௒೔ሻ௞ݐሺܧ

௜ୀଵ  

ܲሺ ௜ܻ ൌ 0ሻ ൌ ଵ
ଶ
  , ሺ ௜ܻ ൌ 1ሻ ൌ ଵ

ସ
 , … , ܲሺ ௜ܻ ൌ ሻݎ ൌ ቀଵ

ଶ
ቁ

௥ିଵ
 

and so ܧሺݐ௒೔ሻ ൌ ଵ
ଶ

൅ ଵ
ସ

ݐ ൅ ڮ ൅ ቀଵ
ଶ
ቁ

௥ିଵ
௥ݐ ൅ … ൌ  

భ
మ

ቀଵିభ
మ௧ቁ

ൌ ଵ
ଶି௧

  (infinite GP) 

Thus ܩ௒ሺݐሻ ൌ ∏ ଵ
ଶି௧

ൌ ቀ ଵ
ଶି௧

ቁ
௞

௞
௜ୀଵ  

 
ሻݐԢ௒ሺܩ ൌ ௞

ሺଶି௧ሻೖశభ ,  ܩԢԢ௒ሺݐሻ ൌ ௞ሺ௞ାଵሻ
ሺଶି௧ሻೖశమ , and   ܩሺ௥ሻ

௒ሺݐሻ ൌ ௞ሺ௞ାଵሻሺ௞ାଶሻ…ሺ௞ା௥ିଵሻ
ሺଶି௧ሻೖశೝ  

and so ܧሺܻሻ ൌ Ԣ௒ሺ1ሻܩ ൌ ሺܻሻݎܸܽ  , ݇ ൌ ԢԢ௒ሺ1ሻܩ ൅ Ԣ௒ሺ1ሻܩ െ ൫ܩԢ௒ሺ1ሻ൯ଶ ൌ 2݇  

and ܲሺܻ ൌ ሻݎ ൌ ீሺೝሻ
ೊሺ଴ሻ

௥!
ൌ ௞ሺ௞ାଵሻሺ௞ାଶሻ…ሺ௞ା௥ିଵሻ

ଶೖశೝ௥!
ൌ ௥ܥ ቀଵ

ଶ
ቁ

௞ା௥௞ା௥ିଵ  for ݎ ൌ 0, 1, 2, … 
         
(Alternatively, ܲሺܻ ൌ  ሻ which can be expandedݐ௒ሺܩ ௥ inݐ  ሻ  is coefficient ofݎ
binomially to yield the same result.) 
 
13.  
(i) ܨሺݔሻ ൌ ܲሺܺ ൏ ሻݔ ൌ ܲሺcos ߠ ൏ ሻݔ ൌ ܲሺcosିଵ ݔ ൏ ߠ ൏ ߨ2 െ cosିଵ  ሻݔ
Therefore, ܨሺݔሻ ൌ ଶగିଶ ୡ୭ୱషభ ௫

ଶగ
       

So ሺݔሻ ൌ ௗி
ௗ௫

ൌ ଵ
గ√ଵି௫మ ,  for  െ1 ൑ ݔ ൑ 1  

 
ሺܺሻܧ ൌ 0  

ሺܺଶሻܧ ൌ ׬ ଶݔ ଵ
గ√ଵି௫మ ݔ݀     ൌ ׬  ୱ୧୬మ ௨

గ
ݑ݀ ൌ ׬ ଵିୡ୭ୱ ଶ௨

ଶగ

ഏ
మ

ିഏ
మ

ഏ
మ

ିഏ
మ

ଵ
ିଵ ݑ݀  ൌ ଵ

ଶ
  

So ܸܽݎሺܺሻ ൌ ଵ
ଶ
 

If  ܺ ൌ ܻ , ݔ ൌ േ√1 െ ሺܻܺሻܧ ଶ  equiprobably, soݔ ൌ ሺܻሻܧ ,0 ൌ 0 and thus 
,ሺܺݒ݋ܥ ܻሻ ൌ 0 , and hence ݎݎ݋ܥሺܺ, ܻሻ ൌ 0 . 
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X and Y are not independent for if  ܺ ൌ ܻ , ݔ ൌ േ√1 െ  ଶ  only, whereas without theݔ
restriction, Y can take all values in ሾെ1,1ሿ .    
 (ii) ܧሺ തܺሻ ൌ ܧ ቀଵ

௡
∑ ௜ܺ

௡
௜ୀଵ ቁ ൌ ଵ

௡
∑ ሺܧ ௜ܺሻ௡

௜ୀଵ ൌ 0 , and  ܧሺ തܻሻ ൌ 0  similarly. 

ሺܧ തܺ തܻሻ ൌ ܧ ቀ ଵ
௡మ ∑ ௜ܺ

௡
௜ୀଵ ∑ ௝ܻ

௡
௝ୀ௜ ቁ ൌ ܧ ቀ ଵ

௡మ ∑ ௜ܺ
௡
௜ୀଵ ௜ܻቁ  as ௜ܺ, ௝ܻ are independent and 

each have expectation zero. 
ܧ   ቀ ଵ

௡మ ∑ ௜ܺ
௡
௜ୀଵ ௜ܻቁ ൌ 0  from part (i), and so ܧሺ തܺ തܻሻ ൌ 0.  Thus  ݒ݋ܥሺ തܺ, തܻሻ ൌ 0 , and 

hence  ݎݎ݋ܥሺ തܺ, തܻሻ ൌ 0 as required.  
        
For large n ,  തܺ~ܰ ቀ0, ଵ

ଶ௡
ቁ  approximately, by Central Limit Theorem.  

Thus, 

 ܲ ቆ| തܺ| ൑ ටଶ
௡

ቇ ൎ ܲ ቌ|ݖ| ൑
ටమ

೙
భ

√మ೙
ቍ ൌ ܲሺ|ݖ| ൑ 2ሻ ൎ ܲሺ|ݖ| ൑ 1 · 960ሻ ൎ 0 · 95 
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